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We show that every subgroup of the σ -product of a family {Gi : i ∈ I} of regular
paratopological groups satisfying Nag(Gi)  ω has countable cellularity, is perfectly κ-
normal and R3-factorizable. For topological groups, we prove a more general result as
follows. Let C be the minimal class of topological groups that contains all Lindelöf Σ-
groups and is closed under taking arbitrary subgroups, countable products, continuous
homomorphic images, and forming σ -products. Then every group in C has countable
cellularity, is hereditarily R-factorizable and perfectly κ-normal.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A topological group G is said to be hereditarilyR-factorizable provided that every subgroup of G is R-factorizable. Accord-
ing to [13, Corollary 5.13], σ -compact topological groups are hereditarily R-factorizable. More generally, every topological
group G satisfying Nag(G)ω, called a Lindelöf Σ-group, is hereditarily R-factorizable [13, Corollary 5.12], while a Lindelöf
topological group can contain a dense subgroup that fails to be R-factorizable [13, Example 5.14]. This leads to the problem
of ﬁnding a wide class of hereditarily R-factorizable groups containing properly all Lindelöf Σ-groups.
It is well known that the class of Lindelöf Σ-groups is closed under taking closed subgroups, countable products, and
continuous homomorphic images. In Theorem 3.6 we establish that the minimal class C of topological groups that contains
all Lindelöf Σ-groups and is closed under the three forementioned operations and, additionally, under taking arbitrary
subgroups and forming σ -products, consists only of hereditarily R-factorizable groups. It turns out that all groups in C have
countable cellularity and are perfectly κ-normal. We also show in Proposition 3.7 that the class of arbitrary subgroups of
Lindelöf Σ-groups is a proper subclass of C.
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Sorgenfrey line is not R-factorizable, even if we admit continuous homomorphisms onto second-countable paratopological
groups satisfying T1 separation axiom. In contrast, every Lindelöf topological group is R-factorizable [13, Theorem 5.5].
Nevertheless several results on R-factorizability established earlier for topological groups remain valid for paratopological
groups as well. For example, according to [10, Theorem 3.13], every regular paratopological group which is Lindelöf Σ-space
is also hereditarily R3-factorizable. We extend the latter theorem to a wider class of paratopological groups in Corol-
lary 3.3 by proving that every subgroup H of the σ -product of a family of regular paratopological groups is (hereditarily)
R3-factorizable and perfectly κ-normal provided that the elements of the family are Lindelöf Σ-spaces. If, in addition, H is
closed in the corresponding σ -product, then H is an Eﬁmov space.
The results of the article can be considered as generalizations of several facts about Lindelöf Σ-groups established by
V. Uspenskij in [15], and by M. Sanchis and the author in [10].
1.1. Notation and terminology
A paratopological group G is an abstract group with a topology such that the multiplication operation, (x, y) → x · y, is
jointly continuous as a mapping of G × G to G . If τ is the topology of a paratopological group G , one deﬁnes the conjugated
topology τ ′ on G by
τ ′ = {U−1: U ∈ τ}.
Clearly, (G, τ ′) is a paratopological group, and the inversion Inv : (G, τ ) → (G, τ ′), Inv(x) = x−1, is a homeomorphism (not an
isomorphism, unless G is commutative) of the space (G, τ ) onto (G, τ ′). We will call G ′ = (G, τ ′) the paratopological group
conjugated to G . The upper bound τ ∗ = τ ∨ τ ′ is a topological group topology on G , so that G∗ = (G, τ ∗) is a topological
group which is usually referred to as the topological group associated to G .
A topological group G is ω-narrow if it can be covered by countably many translates of an arbitrary neighbourhood of the
identity in G . A paratopological group G is said to be totally ω-narrow if the associated topological group G∗ is ω-narrow.
Equivalently, G is totally ω-narrow if and only if it is a continuous homomorphic image of an ω-narrow topological group
(see [9, Proposition 3.4]).
A topological group G is R-factorizable if for every continuous real-valued function f on G , one can ﬁnd a continuous
homomorphism p : G → H onto a second-countable topological group H and a continuous function h on H such that
f = h ◦ p.
G
p
f
H
h
R
Similarly, a regular paratopological group G is called R3-factorizable if for every continuous real-valued function f on G ,
there exist a continuous homomorphism p : G → H onto a regular second-countable paratopological group H and a contin-
uous function h on H such that f = h ◦ p.
Let {Xi: i ∈ I} be a family of spaces and Π =∏i∈I Xi the topological product of this family. Let also p ∈ Π be a point.
For every x ∈ Π , we put
diff(x, p) = {i ∈ I: πi(x) 	= πi(p)
}
,
where πi : Π → Xi is the projection. We now deﬁne the σ -product of the family {Xi: i ∈ I} with basic point p by
σΠ(p) = {x ∈ Π : ∣∣diff(x, p)∣∣< ω}.
It follows from the deﬁnition that σΠ(p) is a dense subspace of Π . Since the topological properties of the σ -product σΠ(p)
can hardly depend on the choice of the basic point p ∈ Π , it is a common practice to omit p in the above deﬁnitions, thus
abbreviating σΠ(p) to σΠ , diff(x, p) to diff(x), etc.
If the family {Xi: i ∈ I} consists of paratopological (topological) groups, the basic point p in the product Π of this family
will always be the neutral element of the group Π . Hence, σΠ will be a dense paratopological (topological) subgroup of Π
in this case.
A zero-set in a space X is the set of the form f −1(0), where f is a continuous real-valued function on X . Clearly, every
closed Gδ-set in a normal space is a zero-set.
We say that a completely regular space X has the Eﬁmov property or that X is an Eﬁmov space if for every family γ of
Gδ-sets in X , the closure of
⋃
γ is a zero-set in X . It was B.A. Eﬁmov who proved in [4] that every space of the form
{0,1}κ has this property.
Suppose that every family γ of Gδ-sets in a space X contains a countable subfamily λ such that
⋃
λ =⋃γ . Then we
say that the space X is ω-cellular or, in symbols, celω(X)ω.
A space X is perfectly κ-normal or an Oz-space if the closure of every open set in X is a zero-set. Clearly, every Eﬁmov
space is perfectly κ-normal, but not vice versa.
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g : Y → Z onto a regular second-countable space Z . In other words, X is a continuous image of a Hausdorff space Y which
admits a perfect mapping onto a separable metrizable space. The reader can consult [13, Section 4] or [2, Section 5.3] for
basic properties of Lindelöf Σ-spaces.
In what follows all spaces are assumed to be Hausdorff. The symbol c is used to denote the power of the continuum.
2. Preliminary facts and results
We need a few facts about the Lindelöf property in inﬁnite products. The ﬁrst lemma is evident.
Lemma 2.1. Suppose that a set X is the union of an increasing chain {Xα: α < ω1} of its subsets. Then Xω =⋃α<ω1 Xωα .
It is known that a σ -product of Lindelöf Σ-spaces can fail to be a Lindelöf Σ-space (see [1] or Proposition 3.7 below).
However, countable powers of such σ -products are still Lindelöf:
Proposition 2.2. Let Π =∏i∈I Xi be the product of a family of Lindelöf Σ-spaces, p ∈ Π , and X = σΠ(p) the σ -product of the same
family. Then the space Xω is Lindelöf.
Proof. Let us call an open set V ⊆ X canonical if it has the form V = X ∩ U , where U is a canonical open set in Π . In this
case, we put
coord(V ) = coord(U ) = {i ∈ I: pi(U ) 	= Xi
}
,
where pi : Π → Xi is the projection. Similarly, we call an open set W ⊆ Xω canonical if it has the form W =∏n∈ω Wn ,
where each Wn is a canonical open set in X and Wn 	= X for at most ﬁnitely many indices n ∈ ω. Given a canonical open
set W =∏n∈ω Wn ⊆ Xω , we put
coord(W ) =
⋃{
coord(Wn): n ∈ ω
}
.
Clearly, the set coord(W ) is ﬁnite.
Let γ be a cover of Xω by canonical open sets. We take an arbitrary non-empty countable set J0 ⊆ I and put Π0 =∏
i∈ J0 Xi . In what follows we identify Π0 with the subspace Π0 ×{p J0 } of Π , where p J0 is the projection of p to
∏
i∈I\ J0 Xi .
Then Y0 = σΠ0 and Yω0 are Lindelöf Σ-spaces, which again are identiﬁed with the corresponding subspaces of σΠ(p) and
(σΠ(p))ω , respectively. So, there exists a countable family λ0 ⊆ γ such that Yω0 ⊆
⋃
λ0.
Suppose that for some α < ω1, we have deﬁned a countable set Jα ⊆ I and a countable family λα ⊆ γ . Then we put
Jα+1 = Jα ∪
⋃{
coord(W ): W ∈ λα
}
and Πα+1 =
∏
i∈ Jα+1
Xi .
Since the set Jα+1 is countable, Yα+1 = σΠα+1 and Yωα+1 are Lindelöf Σ-spaces. Hence we can choose a countable family
λα+1 ⊆ γ such that Yωα+1 ⊆
⋃
λα+1 and λα ⊆ λα+1. At the limit step β < ω1, we put Jβ =⋃α<β Jα and λβ =
⋃
α<β λα .
This ﬁnishes our construction.
Finally, we put J =⋃α<ω1 Jα and λ =
⋃
α<ω1
λα . Then | J | ℵ1 and |λ| ℵ1. It also follows from our construction that
(σΠα)
ω ⊆⋃λ for each α < ω1 and coord(W ) ⊆ J for each W ∈ λ. It is clear that σΠ J =⋃α<ω1 σΠα , where Π J =
∏
i∈ J Xi .
Hence, applying Lemma 2.1, we conclude that (σΠ J )ω ⊆⋃λ. Since | J | ℵ1 and Xi is a Lindelöf Σ-space for each i ∈ J , it
follows from [1, Theorem 2] that σΠ J and (σΠ J )ω are Lindelöf Σ-spaces. Hence, λ contains a countable subfamily μ such
that (σΠ J )ω ⊆⋃μ. This inclusion along with the fact that coord(W ) ⊆ J for each W ∈ μ, implies that (σΠ(p))ω ⊆⋃μ.
Therefore, the space (σΠ(p))ω is Lindelöf. 
The following auxiliary results prepare the ground for the proofs of Theorems 3.1, 3.2, and 3.6 of Section 3.
Lemma 2.3. Let Π =∏i∈I Gi be the product of a family of paratopological groups, where each Gi is a Lindelöf Σ-space, and G = σΠ
be the σ -product of the same family. If H is a closed subgroup of Gω , then H is Lindelöf and celω(H)ω.
Proof. It follows from Proposition 2.2 that the space Gω is Lindelöf. Hence, H is also Lindelöf as a closed subspace of Gω .
Let us prove that celω(H)ω.
For every point x ∈ Πω , we deﬁne Diff(x) ⊆ I by
Diff(x) =
⋃
n∈ω
diff
(
πn(x)
)
,
where πn is the projection of Πω to the nth factor Π = Πn and diff(y) = diff(y, e) for each y ∈ Π — the neutral element e
of Π is taken as the basic point. Evidently, |Diff(x)|ω for each x ∈ Gω .
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⋃
λ is not dense
in
⋃
γ , for every countable subfamily λ of γ . One deﬁnes by recursion families {Pα: α < ω1} and {Uα: α < ω1} satisfying
the following conditions for all α,β < ω1:
(i) Pα ∈ γ and Uα is a canonical open set in Πω;
(ii) Uα ∩ Pα 	= ∅ and Uα ∩ Pβ = ∅, for each β < α.
For every α < ω1, choose a point xα ∈ Pα ∩ Uα and put
J =
⋃
α<ω1
Diff(xα).
It follows from the deﬁnition that | J | ℵ1.
Let H J = {x ∈ H: Diff(x) ⊆ J }. It is clear that H J is a closed subgroup of H and that {xα: α < ω1} ⊆ H J . Hence, xα ∈
Pα ∩ Uα ∩ H J 	= ∅ for each α < ω1. It is also clear from ii) that Uα ∩ Pβ ∩ H J = ∅ whenever β < α < ω1. Therefore, the
family {Pα ∩ H J : α < ω1} of non-empty Gδ-sets in H J witnesses that celω(H J ) > ω.
Let p J : Π → Π J =∏i∈ J Gi be the projection. The product mapping π J = (p J )ω : Πω → (Π J )ω embeds H J topolog-
ically into (σΠ J )ω as a closed subgroup. Since | J |  ℵ1  c and the factors Gi ’s are Lindelöf Σ-spaces, it follows from
[1, Theorem 2] that the spaces σΠ J , (σΠ J )ω , and the closed subspace π J (H J ) of (σΠ J )ω are Lindelöf Σ-spaces. Hence,
H J is a Lindelöf Σ-space as well, and since H J is a paratopological group, [9, Lemma 4.1] implies that celω(H J ) ω. This
contradiction completes the proof. 
The inequality celω(H)ω in Lemma 2.3 can be complemented by the following general result:
Lemma 2.4. Let Y be a subspace of a product space X =∏i∈I Xi . Suppose that celω(p J (Y ))ω, for every J ⊆ I with | J | ℵ1 , where
p J : X →∏i∈ J Xi is the projection. Then celω(Y )ω.
Proof. For every non-empty set B ⊆ I , denote by pB the projection of the product space X to XB =∏i∈B Xi . A non-empty
subset P of X is called a canonical Gδ-set if it has the form P =∏i∈I P i , where each Pi is a Gδ-set in Xi and Pi 	= Xi for at
most countably many indices i ∈ I . The countable set
B(P ) = {i ∈ I: Pi 	= Xi}
is called the core of P . It is clear that if B ⊆ I is the core of a canonical Gδ-set P in X , then P = p−1B pB(P ) and pB(P ) is
a Gδ-set in XB . In fact, p J (P ) is a Gδ-set in X J , for each J ⊆ I .
Suppose that γ is a family of Gδ-sets in Y such that
⋃
λ is not dense in
⋃
γ , for any countable family λ ⊆ γ . By
recursion on α < ω1, we can deﬁne families {Pα: α < ω1} ⊆ γ and {Qα: α < ω1} satisfying the following conditions for
each α < ω1:
(i) Qα is a non-empty Gδ-set in Y and Qα ⊆ Pα ;
(ii) Qα ∩⋃ν<α Pν = ∅.
For every α < ω1, pick a point xα ∈ Qα and take a canonical open set Uα in X such that xα ∈ Uα and Uα ∩ Pν = ∅, for each
ν < α. Then choose a canonical Gδ-set Fα in X such that xα ∈ Fα and Fα ∩ Y ⊆ Qα . Clearly, there exists a countable set
Jα ⊆ I containing the core of Fα such that Uα = p−1Jα p Jα (Uα) and Fα = p−1Jα p Jα (Fα).
Let J = ⋃α<ω1 Jα . Then | J |  ℵ1 and it follows from Jα ⊆ J that Uα = p−1J p J (Uα) and Fα = p−1J p J (Fα), for each
α < ω1. Evidently, p J (Fα) is a Gδ-set in X J and Rα = p J (Fα) ∩ p J (Y ) is a non-empty Gδ-set in p J (Y ), for each α < ω1. It
is also clear that Vα = p J (Uα) ∩ p J (Y ) is a non-empty open set in p J (Y ), and we claim that Vα ∩ Rν = ∅ for each ν < α.
Indeed, if ν < α, it follows from the equalities Uα = p−1J p J (Uα), Fν = p−1J p J (Fν), and Uα ∩ (Fν ∩ Y ) ⊆ Uα ∩ Pν = ∅ that
∅ = p J (Uα ∩ Fν ∩ Y ) = p J (Uα) ∩ p J (Fν ∩ Y ) = p J (Uα) ∩ p J (Fν) ∩ p J (Y ).
This implies immediately that Vα ∩ Rν = ∅. Further, we have that p J (xα) ∈ Vα ∩ Rα 	= ∅, for each α < ω1. Therefore, the
family θ = {Rα: α < ω1} of Gδ-sets in p J (Y ) does not contain any countable subfamily whose union is dense in ⋃ θ . This
ﬁnishes the proof. 
In the next lemma we ﬁnd a simple but important property of σ -products of Lindelöf Σ-spaces that will be frequently
applied later.
Lemma 2.5. Let Π =∏i∈I Xi be the product of a family of Lindelöf Σ-spaces and X = σΠ(p) the corresponding σ -product with
basic point p ∈ Π . Then the closure in X of every subset A with |A| c is a Lindelöf Σ-space.
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J =
⋃{
diff(x, p): x ∈ A}.
It is clear that | J | c. Then
X J =
{
x ∈ X: diff(x, p) ⊆ J}
is a closed subspace of X containing A, and the restriction to X J of the projection π J : Π → Π J =∏i∈ J Xi is a homeo-
morphism of X J onto σΠ J (q), where q = π J (p). Let us identify X J and σΠ J (q). Since | J |  c and each Xi is a Lindelöf
Σ-space, it follows from [1, Theorem 2] that X J is a Lindelöf Σ-space. Hence, so is the closure of A in the closed subspace
X J of X . 
Here is an important technical concept that clariﬁes the essence of our arguments in Section 3.
Deﬁnition 2.6. Let τ be an uncountable cardinal. We say that a space X has property LS(τ ) if for every A ⊆ X with |A| τ ,
there exists a Lindelöf Σ-space Y such that A ⊆ Y ⊆ X .
By Lemma 2.5, the σ -product of any family of Lindelöf Σ-spaces has property LS(c). Let us establish more facts about
the class LS(τ ) of spaces with property LS(τ ).
Lemma 2.7. Let τ > ω be a cardinal. The class LS(τ ) contains all Lindelöf Σ-spaces and is closed under the following operations:
(a) taking closed subspaces;
(b) taking countable products;
(c) taking countable unions;
(d) taking countable intersections;
(e) taking continuous images;
(f) forming arbitrary σ -products, if τ  c.
Proof. Since the class of Lindelöf Σ-spaces is closed under the operations in (a)–(e), the same holds for the class LS(τ ).
Suppose now that τ  c and let {Xi: i ∈ I} be a family of spaces, where Xi ∈ LS(τ ) for each i ∈ I . We denote by σΠ(p)
the σ -product of this family, where p ∈ Π =∏i∈I Xi . To show that σΠ(p) ∈ LS(τ ), we take an arbitrary set A ⊆ σΠ(p)
with |A| τ . For every i ∈ I , put Ai = pi(A), where pi : Π → Xi is the projection. Then |Ai | |A| τ and, since Xi ∈ LS(τ ),
there exists a subspace Bi of Xi containing Ai such that Bi is a Lindelöf Σ-space. Let σ B(p) be the σ -product of the family
{Bi: i ∈ I}, where B =∏i∈I Bi . Clearly, σ B(p) is a subspace of σΠ(p) and A ⊆ σ B(p). It follows from Lemma 2.5 that the
closure C of A in σ B(p) is a Lindelöf Σ-space. Since A ⊆ C ⊆ σ B(p) ⊆ σΠ(p), we conclude that σΠ(p) ∈ LS(τ ). This
implies item (f) of the lemma. 
The proof of the next fact is almost evident and is left to the reader.
Lemma 2.8. Let S be a Lindelöf subspace of a space X such that S intersects every non-empty Gδ-set in X. Then S = X.
Lemma 2.9. Let X be a space with property LS(c). Then every continuous image Y of X satisfying w(Y ) c is a Lindelöf Σ-space.
Proof. Let f : X → Y be a continuous mapping onto a Hausdorff space Y with w(Y )  c. Take a base B for Y satisfying
|B| c, and denote by G the family of all intersections ⋂λ, where λ ⊆ B and |λ|ω. Then |G| c, so there exists a subset
A of X such that f (A) intersects each non-empty element of G and |A| c.
By our assumptions, there exists a Lindelöf Σ-space Z ⊆ X containing A. Then f (Z) intersects every non-empty element
of G. Since f (Z) is a Lindelöf subspace of Y , it follows from Lemma 2.8 that f (Z) = Y . Therefore, Y is a Lindelöf Σ-space
as well. 
Let us now turn to paratopological groups. We will show in the following three lemmas that property LS(τ ), for τ > ω,
has a strong impact on paratopological and topological groups.
Lemma 2.10. Every paratopological group H with property LS(ℵ1) is totally ω-narrow. Hence every topological group with property
LS(ℵ1) is ω-narrow.
Proof. Let H∗ be the topological group associated to H . Suppose to the contrary that H∗ fails to be ω-narrow. By [8] or
[14, Proposition 2.3], there exists a subgroup K ∗ of H∗ such that |K ∗| ℵ1 and K ∗ is not ω-narrow. Let K = i(K ∗), where
i : H∗ → H is the identity mapping. Since |K | ℵ1, K is contained in a Lindelöf Σ-subspace C of H .
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paratopological group H ′ . Hence, C−1 = ϕ(C) ⊆ H ′ is a Lindelöf Σ-space as well. Since K is a subgroup of H , we conclude
that K = K−1 ⊆ C−1. Let  = {(x, x): x ∈ H} be the diagonal in H×H ′ . According to [9, Lemma 3.2], the mapping h : H∗ → 
deﬁned by h(x) = (x, x), is a topological isomorphism of H∗ onto the closed subgroup  of the paratopological group H×H ′ .
Hence, P = (C × C−1) ∩  is a closed subset of the Lindelöf Σ-space C × C−1 and, clearly, h(K ∗) ⊆ P . It follows that P is a
Lindelöf Σ-space and K ∗ is a subgroup of the Lindelöf Σ-space h−1(P ) ⊆ H∗ . Since the subgroup of H∗ generated by h−1(P )
is again a Lindelöf Σ-space, we conclude that K ∗ is a subgroup of a Lindelöf Σ-group. In particular, K ∗ is ω-narrow, which
is a contradiction.
The second claim of the lemma is now immediate. 
Lemma 2.11. Every topological group H with property LS(ℵ1) is ω-cellular, i.e., satisﬁes celω(H)ω.
Proof. The group H is ω-narrow according to Lemma 2.10. Hence, by Guran’s theorem in [6], H can be embedded as a topo-
logical subgroup into a product Π =∏i∈I Hi of second-countable topological groups. For every set J ⊆ I , let p J : Π → Π J
be the projection, where Π J =∏i∈ J Hi . If | J | c, then the restriction p J H is a continuous homomorphism of H onto the
subgroup p J (H) of Π J which evidently satisﬁes w(p J (H)) c. Therefore, p J (H) is a Lindelöf Σ-group, by Lemma 2.9. In
its turn, this implies that p J (H) is ω-cellular (see [13, Theorem 4.14]). Applying Lemma 2.4, we conclude that the space H
is also ω-cellular. 
Lemma 2.12. Let H be a topological group with property LS(c). If P is a closed invariant subgroup of type Gδ in H, then the quotient
group H/P has a countable network.
Proof. As in the proof of Lemma 2.11, we embed H as a topological subgroup into a product Π = ∏i∈I Hi of second-
countable topological groups. For every set J ⊆ I , let p J : Π → Π J be the projection.
Since H is a subgroup of Π and P is a Gδ-set in H , there exists a countable set J ⊆ I such that N = p−1J (e J ) ∩ H ⊆ P ,
where e J is the neutral element of Π J . Such a subgroup N of H will be called ω-ﬁne. It is clear that every ω-ﬁne subgroup is
a closed Gδ-set in H . Since N ⊆ P , there exists a continuous homomorphism of H/N onto H/P . Since continuous mappings
do not increase network weight, it suﬃces to show that the quotient group H/N has a countable network. Let π : H → H/N
be the quotient homomorphism. Clearly, there exists a continuous isomorphism j : H/N → p J (H) satisfying j ◦ π = p J H .
Since the group p J (H) is second-countable, the quotient group H/N has countable pseudocharacter and satisﬁes |H/N| =
|p J (H)| c.
The family γ = {π−1(y): y ∈ H/N} consists of Gδ-sets in H and, since H is ω-cellular by Lemma 2.11, the space
H/N is hereditarily separable. Therefore, the family T of open subsets of H/N has cardinality at most |H/N|ω  c (see
[7, Theorem 2.11]). In particular, the weight of H/N does not exceed c. Hence, by Lemma 2.9, H/N is a Lindelöf Σ-space.
Since H/N has countable pseudocharacter, [13, Lemma 4.17(a)] implies that the space H/N has a countable network. 
By (e) of Lemma 2.7, continuous images of spaces in LS(τ ) are again in LS(τ ). In paratopological groups, conversely,
taking the associated topological group preserves LS(τ ) property:
Proposition 2.13. Let τ > ω be a cardinal number. If a paratopological group H has property LS(τ ), then the associated topological
group H∗ has LS(τ ) as well.
Proof. Denote by i the identity isomorphism of H∗ onto H , and suppose that a set A∗ ⊆ H∗ satisﬁes |A∗| τ . Let K be the
subgroup of H generated by the set A = i(A∗). Then |K | τ and, since H ∈ LS(τ ), there exists a Lindelöf Σ-space L ⊆ H
such that K ⊆ L.
Let H ′ be the conjugated paratopological group and Inv : H → H ′ the inversion, Inv(x) = x−1 for each x ∈ H . Then Inv is
a homeomorphism of H onto H ′ and L−1 = Inv(L) ⊆ H ′ is a Lindelöf Σ-space. Denote by ϕ the topological isomorphism of
H∗ onto the diagonal  of H × H ′ deﬁned by ϕ(x) = (x, x), for each x ∈ H∗ [9, Lemma 3.2]. Since K ∗ = i−1(K ) is a subgroup
of H∗ , we see that ϕ(K ∗) is a subspace of the Lindelöf Σ-space L × L−1. Hence the closure C of ϕ(K ∗) in L × L−1 is also a
Lindelöf Σ-space. Since ϕ(K ∗) ⊆  and  is closed in H × H ′ , it follows that ϕ(K ∗) ⊆ C ⊆ . Therefore, K ∗ is a subspace
of the Lindelöf Σ-space ϕ−1(C). Since A∗ ⊆ K ∗ , we conclude that H∗ has LS(τ ). 
Corollary 2.14. Let H be a paratopological group with property LS(c). Then H is ω-cellular and, for every closed invariant subgroup P
of type Gδ in H, the quotient paratopological group H/P has a countable network and satisﬁes w(H/P ) c.
Proof. Let H∗ be the topological group associated to H and i : H∗ → H the identity isomorphism. It follows from Proposi-
tion 2.13 that H∗ has property LS(τ ). By Lemma 2.11, the group H∗ is ω-cellular. Since the isomorphism i is continuous,
we conclude that so is H .
Take a closed invariant subgroup P of type Gδ in H . Then P∗ = i−1(P ) is a closed invariant subgroup of type Gδ in H∗ ,
so Lemma 2.12 implies that the quotient group H∗/P∗ has a countable network. Denote by j the identity isomorphism
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[7, 2.1(a)]). 
Let P be a topological property. We say that a paratopological group G is projectively P if G can be topologically em-
bedded as a subgroup into a product of paratopological groups with property P. In what follows we will be interested in
two classes of paratopological groups, namely, regular and ﬁrst-countable and regular and second-countable. For the sake of
brevity, we will drop ‘regular’ and speak about projectively ﬁrst-countable and projectively second-countable paratopological
groups. Thus, it is clear that every projectively second-countable paratopological group is completely regular. Notice that
every completely regular R3-factorizable paratopological group is projectively second-countable.
Lemma 2.15. Every projectively ﬁrst-countable paratopological group G with property LS(c) is projectively second-countable.
Proof. Let G be a subgroup of a product H =∏i∈I Hi of regular ﬁrst-countable paratopological groups. Replacing Hi by
the projection pi(G) of G to the ith factor, if necessary, we can assume that Hi = pi(G) for each i ∈ I . Then each Hi
has property LS(c) and, by Lemma 2.10, is totally ω-narrow. It remains to apply [9, Proposition 3.5] according to which
every ﬁrst-countable totally ω-narrow paratopological group has a countable base. We conclude that G is a subgroup of the
product
∏
i∈I Hi of regular second-countable paratopological groups. 
3. Subgroups of σ -products of Lindelöf Σ-groups
Here is one of our main results on paratopological groups in the class LS(c).
Theorem 3.1. Suppose that G is a projectively ﬁrst-countable paratopological group with property LS(c). Then G is an Eﬁmov space, is
hereditarily R3-factorizable, and satisﬁes celω(G)ω.
Proof. It follows from Lemma 2.15 that G is topologically isomorphic to a subgroup of a product Π =∏i∈I Gi of regular
second-countable paratopological groups. For every J ⊆ I , let p J be the natural projection of Π onto the subproduct Π J =∏
i∈ J Gi . By Corollary 2.14, the space G is ω-cellular.
Let us show that G is an Eﬁmov space. Suppose that γ is a family of Gδ-sets in G . Since G is a subgroup of Π , every
Gδ-set in G is the union of a family of left cosets of ω-ﬁne subgroups of G deﬁned in the proof of Lemma 2.12. Hence
we can assume that all elements of γ are cosets of this form. Since G is ω-cellular, we can assume additionally that
|γ |ω. Therefore, there exists a countable set C ⊆ I such that every element of γ is the union of a family of cosets of the
ω-ﬁne subgroup N = G ∩ p−1C (eC ) of G , where eC is the neutral element of ΠC . In other words, there exists a subset M
of pC (G), perhaps uncountable, such that
⋃
γ = p−1C (M) ∩ G . Let π : G → G/N be the quotient homomorphism. Evidently,
there exists a continuous isomorphism ϕ of G/N onto pC (G) satisfying pC G = ϕ ◦ π , so the space G/N is Hausdorff and,
by Corollary 2.14, it has a countable network. It also follows that the set P = ϕ−1(M) satisﬁes ⋃γ = π−1(P ). Since the
homomorphism π is open, we see that
⋃
γ = π−1(P ) = π−1(P ).
We cannot claim that the closed subset P of G/N is a Gδ-set, even if we know that the space G/N has a countable
network – the problem is that the space G/N may fail to be regular. We need, therefore, to do some extra work.
It turns out that there exist a set J ⊆ I with | J | c and a continuous homomorphism h : p J (G) → G/N satisfying π =
h◦ p J G . Indeed, since χ(G/N) w(G/N) c, this follows directly from [2, Lemma 8.5.4]. We also know that ⋃γ = π−1(P )
and Φ = π−1(P ) = π−1(P ). Since the space G/N has countable pseudocharacter, the family λ = {h−1(z): z ∈ P } consists
of Gδ-sets in K = p J (G). The equality π = h ◦ p J G implies that ⋃γ = p−1J h−1(P ) = p−1J (
⋃
λ) and that Φ = p−1J h−1(P ).
Therefore, p J (Φ) = h−1(P ) is closed in K . Since the mapping p J : G → K is continuous and surjective, we conclude that
p J (
⋃
γ ) =⋃λ is dense in h−1(P ), that is, ⋃λ = h−1(P ) = h−1(P ).
Notice that the regular paratopological group K = p J (G) ⊆ Π J satisﬁes w(K )  | J | · ℵ0  c. Hence, by Lemma 2.9, K
is a Lindelöf Σ-space. Since λ is a family of Gδ-sets in K , we deduce from [9, Theorem 4.2] that
⋃
λ is a zero-set in K .
Therefore,
⋃
γ = p−1J (
⋃
λ) is a zero-set in G . We have thus proved that G is an Eﬁmov space.
Finally, let H be an arbitrary subgroup of G . Consider the identity isomorphism i : G∗ → G of the associated topological
group G∗ onto G , and put H∗ = i−1(H). Since G ∈ LS(c), we apply Proposition 2.13 to conclude that G∗ ∈ LS(c). The closure
C of H∗ in G∗ is a closed subgroup of G∗ , so C ∈ LS(τ ) by (a) of Lemma 2.7. It follows that the continuous image K = i(C)
of C is a subgroup of G and K ∈ LS(c). Clearly, H is a dense subgroup of K . Since G is a subgroup of the product Π
of second-countable regular paratopological groups, so is K . Therefore, as we have just shown above, the group K is an
Eﬁmov space and is R3-factorizable. In particular, K is perfectly κ-normal, so the dense subspace H of K is z-embedded
in K (see [3]). According to [2, Theorem 8.2.6] or [10, Theorem 3.12], every z-embedded subgroup of an R3-factorizable
paratopological group is R3-factorizable. It follows that G is hereditarily R3-factorizable. 
For topological groups, one of the assumptions in Theorem 3.1 can be dropped:
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rizable. In particular, the space G is perfectly κ-normal.
Proof. It follows from Lemma 2.11 that the group G is ω-cellular, while Lemma 2.10 implies that G is ω-narrow. Therefore,
by Guran’s theorem in [6], G is topologically isomorphic to a subgroup of the product of a family of second-countable
topological groups. Applying Theorem 3.1, we conclude that G is an Eﬁmov space, while every Eﬁmov space is perfectly
κ-normal.
Let us verify that the group G is R-factorizable. Take a continuous function f : G →R. Since celω(G)ω, the cellularity
of G is countable. Hence, by Schepin’s theorem in [11], there exists a closed invariant subgroup N of type Gδ in G such that
f is constant on each coset of N in G . Let π : G → G/N be the quotient homomorphism. Clearly, there exists a real-valued
function g on G/N satisfying g ◦ π = f . Since the homomorphism π is open, the function g is continuous.
According to Lemma 2.12, the quotient group G/N has a countable network and, hence, is Lindelöf. By [13, Theorem 5.5],
every Lindelöf topological group is R-factorizable, so one can ﬁnd a continuous homomorphism ϕ : G/N → K onto a second-
countable topological group K and a continuous real-valued function h on K such that g = h ◦ ϕ .
G
π
f
G/N
g
ϕ
R K
h
It follows that the continuous homomorphism p = ϕ ◦ π of G onto the second-countable group K and the continuous
function h on K satisfy f = h ◦ p. Therefore, the group G is R-factorizable.
Suppose that H is an arbitrary subgroup of G . The closure of H in G is a topological group with property LS(c), according
to (a) of Lemma 2.7. We can assume, therefore, that H is dense in G . It follows from [3] that a dense subspace of a perfectly
κ-normal space is z-embedded; in particular, the space H is z-embedded in G . It remains to refer to [13, Theorem 5.17]
according to which a z-embedded subgroup of an R-factorizable group is R-factorizable as well. 
The next fact is almost immediate from Theorem 3.1:
Corollary 3.3. All subgroups of the σ -product of a family {Gi: i ∈ I} of regular paratopological groups satisfying Nag(Gi)  ω have
countable cellularity, are perfectly κ-normal and R3-factorizable. Furthermore, if H is a closed subgroup of the σ -product, then it is
an Eﬁmov space and satisﬁes celω(H)ω.
Proof. By Lemma 2.7, the σ -product σΠ of the family {Gi: i ∈ I} has property LS(c), where Π =∏i∈I Gi . Hence Lemma 2.10
implies that the paratopological group σΠ is totally ω-narrow. Since σΠ is Lindelöf, it follows from [9, Theorem 3.20] that
σΠ is projectively second-countable.
Suppose that H is a closed subgroup of σΠ . Clearly, H is also projectively second-countable and has property LS(c).
Therefore, Theorem 3.1 implies that H is an ω-cellular Eﬁmov space.
Finally, suppose that G is an arbitrary subgroup of σΠ . Again, by Theorem 3.1, G is R3-factorizable. Since the closure
H of G in σΠ is an Eﬁmov space of countable cellularity, we conclude that G is perfectly κ-normal and has countable
cellularity. 
Let us say that a topological group H has property wLS(τ ), for an uncountable cardinal number τ , if H is a dense
subgroup of a topological group G with property LS(τ ). Clearly, every topological group with LS(τ ) has wLS(τ ), while every
subgroup of a group in the class wLS(τ ) is again in wLS(τ ) (see item (b) of Lemma 3.5 below).
Lemma 3.4. Every topological group with property wLS(c) has countable cellularity, is perfectly κ-normal and R-factorizable.
Proof. Let H be a topological group with property wLS(c). By the deﬁnition, H is a dense subgroup of a topological group
G ∈ LS(c). Since wLS(c) ⊆ wLS(ℵ1), Lemma 2.11 implies that G satisﬁes celω(G) ω. Hence the dense subgroup H of G
satisﬁes c(H) = c(G) celω(G)ω.
According to Theorem 3.2, the group G is perfectly κ-normal and R-factorizable. It follows from [3] that a dense subspace
of a perfectly κ-normal space is z-embedded and perfectly κ-normal; in particular, the space H is z-embedded in G and
is perfectly κ-normal. It remains to refer to [13, Theorem 5.17] according to which a z-embedded subgroup of an R-
factorizable group is R-factorizable as well. 
The following fact makes it possible to ﬁnd a wide class of hereditarily R-factorizable topological groups.
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(a) taking continuous homomorphic images;
(b) passing to an arbitrary subgroup;
(c) taking countable products;
(d) forming arbitrary σ -products, if τ  c.
Proof. (a) Suppose that f : G → H is a continuous onto homomorphism of topological groups, where G ∈ wLS(τ ). Then
f extends to a continuous homomorphism g : G → H , where G and H are the Raı˘kov completions of G and H ,
respectively. By our assumption about G , there exists a topological group G ′ ∈ LS(τ ) containing G as a dense subgroup.
Clearly, we can assume that G ⊆ G ′ ⊆ G . Then H ⊆ H ′ = g(G ′) ⊆ H , H is a dense subgroup of H ′ , and H ′ ∈ LS(τ ) (see
(e) of Lemma 2.7). It follows that H ∈ wLS(τ ).
(b) Let H be a subgroup of a topological group G ∈ wLS(τ ). There exists a topological group G ′ ∈ LS(τ ) containing G
as a dense subgroup. Denote by H ′ the closure of H in G ′ . Clearly, H is a dense subgroup of H ′ and, since H ′ is a closed
subgroup of G ′ , we have that H ′ ∈ LS(τ ), by (a) of Lemma 2.7. Therefore, H ∈ wLS(τ ).
(c) According to (b) of Lemma 2.7, the class of spaces with property LS(τ ) is countably productive, and so is the class of
topological groups with property wLS(τ ).
(d) Let {Hi: i ∈ I} be a family of topological groups with property wLS(τ ), where τ  c. For every i ∈ I , take a topological
group Gi ∈ LS(τ ) containing Hi as a dense subgroup, and denote by σΠ the σ -product of the family {Gi: i ∈ I}, where
Π =∏i∈I Gi . Since the σ -product of the family {Hi: i ∈ I} is a dense subgroup of σΠ , it suﬃces to verify that σΠ ∈ LS(τ ).
This follows, however, from (f) of Lemma 2.7. 
Since Lindelöf Σ-groups have property LS(τ ), for every cardinal τ , we combine Lemmas 3.4 and 3.5 to obtain a more or
less ‘visible’ class of hereditarily R-factorizable topological groups:
Theorem 3.6. Let C be the minimal class of topological groups that contains all Lindelöf Σ-groups and is closed under taking contin-
uous homomorphic images, arbitrary subgroups, countable products, and forming arbitrary σ -products. Then every group in this class
has countable cellularity, is hereditarily R-factorizable and perfectly κ-normal.
Finally, one can ask whether all the groups in the class C described in Theorem 3.6 are subgroups of Lindelöf Σ-groups,
i.e., whether only one of the four operations mentioned there contributes to amplify the class of Lindelöf Σ-groups and
obtain the whole of C. We answer this question below in the negative, so the class of subgroups of Lindelöf Σ-groups is a
proper subclass of C. It is not surprising that taking an appropriate σ -product does the job.
Proposition 3.7. Let κ = 2c . There exists a family {Gα: α < κ} of topological Abelian groups with countable network such that the
σ -product G = σΠ of this family, where Π =∏α<κ Gα , is not contained as a topological subgroup in any Lindelöf Σ-group.
Proof. Making use of the fact that the real line R is hereditarily separable, one can ﬁnd a family {Xα: α < κ} of pairwise
non-homeomorphic subspaces of the real line R. For every α < κ , let Gα be the free Abelian topological group over Xα .
Since each space Xα is separable metrizable, the group Gα has a countable network. It also follows from [5, Section 4,
Theorem A] that Xα is a closed subspace of Gα , while [12, Theorem 4] implies that Gα is a Raı˘kov complete group. Let
Π =∏α<κ Gα be the product of the groups Gα ’s and G = σΠ the corresponding σ -product. We claim that no Lindelöf
Σ-group can contain G as a topological subgroup.
Suppose to the contrary that G is a topological subgroup of a Lindelöf Σ-group H . Taking the closure of G in H , if
necessary, we can assume that G is dense in H . Notice that the product group Π is Raı˘kov complete as the product of
Raı˘kov complete groups Gα . Clearly G = σΠ is a dense topological subgroup of Π , so Π is the Raı˘kov completion of the
group G . Since G is also dense in H , it follows that we can identify H with a subgroup of Π , say G ⊆ H ⊆ Π .
For every n ∈ ω, consider the subspace
Cn =
{
x ∈ G: ∣∣diff(x)∣∣ n}
of G . It is easy to see that each Cn is closed in Π and that G =⋃n∈ω Cn . Since G ⊆ H ⊆ Π , we conclude that G is an Fσ -set
in the Lindelöf Σ-group H . However, the class of Lindelöf Σ-spaces is stable under taking closed subspaces and countable
unions, whence it follows that G is also a Lindelöf Σ-space.
Let X =∏α<κ Xα be the product space and σ X the corresponding σ -product. Since each Xα is closed in Gα , it fol-
lows that σ X is a closed subspace of G = σΠ . Therefore, σ X is a Lindelöf Σ-space as well. However, this contradicts
[1, Theorem 5] since the family {Xα: α < κ} of second-countable spaces contains more than c pairwise non-homeomorphic
spaces. 
4. Open problems
Our ﬁrst problem is suggested by Theorems 3.1 and 3.2.
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The second problem is related to Theorem 3.1. The aﬃrmative answer to it would permit us to drop ‘projectively ﬁrst-
countable’ in the conditions of Theorem 3.1.
Problem 4.2. Is it true that every regular paratopological group with property LS(c) can be topologically embedded as a subgroup into
a product of regular (Hausdorff ) second-countable paratopological groups?
It is known that a Hausdorff space with a countable network may fail to be perfect. We do not know if this can happen
in the class of paratopological groups:
Problem 4.3. Is every Hausdorff paratopological group H with a countable network a perfect space? Does H have a countable network
consisting of closed sets?
Problem 4.4. Let H be a topological group with property LS(c). Suppose that N is a closed invariant subgroup of type Gδ in H. Does
there exist a subgroup K of H such that |K |  c and the restriction to K of the quotient homomorphism π : H → H/N is an open
homomorphism of K onto H/N?
By Lemma 2.12, the quotient group H/N in Problem 4.4 has a countable network, so |H/N| c. Hence the problem is
actually to guarantee that the restriction πK be an open mapping.
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